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SUMMARY 

The results of experiments conducted to d t ermine the dynamic stability 
characteristics of a dynamically similar model of a quad-duct V/STOL air­
craft are reported in References 1 and 2. Portions of these data that 
pertain to the longitudinal dynamics of the vehicle at five duct incidences 
were analyzed to determine the stability derivatives of the vehicJe. The 
analysis and the resulting stability derivatives are presented and ~is­
cussed in this report . 

The measured time histories indicated that the data could be analyzed on 
the basis of linearized small perturbation equations. Root locus tech­
niques were used to analyze the data. 

The full-scale derivatives determined from the analysis that correspond to 
a ve .. i cle very similar to the Bell X-22A are presented. 

The transient motions of the model were unstable at all duct incidences 
except 50°, the lowest incidence investigated. 
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INTRODUCTION 

References 1 and 2 present data from a series of experiments conducted to 
measure the longitudinal transient response characteristics of a dynami- 
cally similar quad-duct V/STOL model using the Princeton Dynamic Model 
Track.    This program is part of a continuing effort using the Princeton 
Dynamic Model Track to provide data on the dynamic stability of v/STOL f 
aircraft at low speeds.    The model is similar in configuration to the Bell | 
X-22A, with a scale factor of 0.1^+5.    The model is shown mounted on the I 
test apparatus in Figure 1.    A close-up view of the model is shown in If 
Figure 2.    A general arrangement drawing of the model is given in Figure 3. * 
Differences between the 3ell X-22A and this research model are described * 
in the section entitled Description of Apparatus and Experiments. '«; 

'*■ 

This report analyzes the data from References 1 and 2 to determine the '^ 
longitudinal stability derivatives of the vehicle in low-speed/high-duct- »i 
incidence flight conditions,  including hovering flight.    The test program r 

is described in detail in References 1 and 2;  thus, only a brief discussion 
of the program is Included in this report.    The test conditions analyzed 
are listed in Table I. 

Transient measurements in the flight conditions of interest Indicated that 
the dynamic motions of the model could be described by conventional, 
linearized small-perturbation equations.    The following analysis is based 
on that assumption.    Discussion of the analysis of the data is phrased in 
terms of model parameters.    The values of the stability derivatives of 
the full-scale aircraft are discussed in the section entitled Stability 
Derivatives of the Full-Scale Aircraft.    The scaling laws used to design 
the model result in the conversion factors given in Table II, which are 
used for interpretation of model data in full-scale terms. 

The model was found to be dynamically unstable at all but the lowest duct 
incidence examined.    Data were taken on the response of the basic model, 
as well as with varying amounts of rate feedback (fore and aft differential 
propeller blade angle proportional to pitching rate), to assist in the 
analysis. 

It will be noted that in the flight conditions at duct incidences of 60° 
and 50°, the eg of the model was displaced from the pivot axis of the 
model.    Balance weights were added to the model at these trim conditions 
to reduce the amount of differential propeller blade angle required for 
pitching moment equilibrium. 

For analysis purposes,  it is possible to locate the origin of the axis 
system either at the eg of the model or at the pivot axis.    It was con- 
sidered to be more convenient to locate the origin of the axis system at 
the pivot axis and to add terms to account for the displacement of the eg 
from this location.    The stability derivatives are presented about the 
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pivot axis, which corresponds to the eg position of the Bell X-22A given 
in Reference 3 (WL 139, FS 312). All linear velocities of the model are 
the linear velocities of the pivot axis. 

Various methods of analyzing the data are possible.    A convenient approach, 
when limited-degree-of-freedom data are available, employs root locus 
techniques as described in the section entitled Experimental Results and 
Analysis of Data. 

While only the frequency and damping characteristics of the motions are 
presented and used in the analysis, various other properties of the time 
histories may be used to provide additional information.    Other measured 
data, such as the phase angle between the pitch angle and the horizontal 
velocity perturbation, were used to check the results obtained from the 
method of analysis described in the text that follows. 

^J 



DESC RI PTIO OF APPARATUS AND EXPERIMENTS 

TEST F CILITY 

The Pri nceton Dynamic Model Track is designed expre~ sly for the ·tudy of 
the dynamic motions of helicopter and V/ STOL mooels at equivalen t fl ight 
speeds of up to 60 knots (for a one-tenth scale model) . ~asic components 
of the facility include a servo-driven carr iage riding on a track 750 feet 
long, l ocated in a building with a cross se~tion of 30 by 30 feet; t he 
carriage has an acceleration potential of 0 . 6g and a maximum speed of 40 
feet per second. A detailed description of ·- he facility and the testing 
tccnniques employed may be found in Reference 4 . 

A model can be attached to the carriage by one ~f several bocms . The 
mount used to conduct longitudinal in estigations is shown i n Figure 1. 
This mount permits relative displacements of t he model with respect to 
the carriage in horizontal and vertical directions . The mcdel is sup­
ported on a three-axis gimbal system t hat allows selectior. of any or all 
of the three angular degrees of freedom. Horizontal r elative motion of 
the model wit h respect to the carriage is sensed and used to command t u• 
carriage to follow t he model in a closed-loop fash.icr Similarly , vert i ca.t 
displacement of the model with respect to t he carri ge commands the boom 
to move vert i cally . This servo operation of the ca1·riage aJ low:. the model 
to fly "fr~e", with no restraints on the dyn 'mli~ motions being investi­
gated . This method of tes ing may be consider d t o be similar to dynamic 
flight te sting, but considerabl y more control over the experiment is 
possible . 

MODEL 

A photograph of the model is shown in Figure 2 . A general arrangement 
drawing i s presented in Figure 3 . Figure 4 shows the pivot axis, cg 
locat ion , and r eference locations of the model. The model's pertinent 
dimensions and inertia characteristics are l isted 1.n Table III. The model 
was designed as a general research model for inves ~ ~ ~ation of t he dynru ic 
stabi lity characteristics o~ various quad configu ation V/STOL airr.raf as 
described in Reference 5 . 

This dynamic model is powered by a 200-vol t , i.oo-cyc · e , 3-phase elE ctric 
motor. The motor drives the four ducted propellers through a central 
transmission and various right-angle gearboxes . The aerodynamic shape of 
the model is obtained through the use of a Fiberglas skin wit t St~' :-:oo.l'Jam 

stiffeners . The propeller blades are made with a plastic foam c c,r~ and 
Fiberglas skin . The geometric characteristics of the propeller are rhown 
i n F~gure 5, and the geometric char acteristics of the duct and elevon are 
shown in Figures 6 and 7 . The duct shape is :!.dentical to that of t11e 
Bell X-22A aircraft. 

3 
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NodtX control poiltlont are sat fron a control console on the carriage. 
Tha blada pitch angles of each of the four propellers are electrically 
eontrollatoXa. Also, the deflection angles of the elevons are electrically 
oontrollable. All of these control systems are closed-loop position 
oontrola and are used as such in the portions of the experiments Involving 
fMdbaok to alter the transient motions of the model. The dynamic charac- 
ttriatioa of these feedback loops are such that the time response of the 
control la negligible in the frequency range of Interest. Although the 
control aorvo loops are nonlinear, using polarized relays for power ampli- 
fioation, they can be characterized as having a closed-loop natural 
fraqutnoy of approximately 10 cycles per second, with a damping ratio of 
approaclMttaly seven-tenths. The servo gear ratios were selected so that 
the rate limits arising fron the rpn limitations of the control drive 
■otors ware equal to, or greater than, scaled rate limits determined from 
fttll-ioala Ball X-22A values, as given in Reference 3. 

Thla reaaarch model differs from the Bell X-22A in the following 
particulara: 

1. The eleven on the model differs from that on the full-scale air- 
craft. The model eleven has no movable surface forward of the 
hinge line, and its hinge line is located below the trailing ^dge 
of the duct, as shown in Figure 7. While these differences nould 
affect the control effectiveness and the control loads, they, 
would not be expected to have any significant effect on the 
dynamic motions. 

2. The duct rotation point is at a different location on the model 
(81» percent c) than on the full-scale aircraft (55 percent c). 

With the ducts at 90° incidence, the propeller hubs axe In the 
aiM relative position on the model as they are on the full-scale 
aircraft. The eg of the model is higher (1.2 percent c) on the 
model, with respect to the propeller hubs, than It Is on the 
full-scale aircraft. 

3. For the tests at 90°, 80°, and 70° incidence, the vertical tall 
on the model is smaller than the one on the full-scale vehicle, 
aa shown in Figure 3. The scaled vertical tall, also shown In 
Fiaure 3, was used for the tests at duct incidences of 60° and 
50 . This difference in vertical tall area would not have a 
significant effect on the longitudinal dynamic stability charac- 
teristics. 

This model was planned as a general research model; numerous other quad 
configuration layouts can be simulated through the use of Interchangeable 
parts as described in Reference 5. No attempt was made In the design 
atage to simulate the X-22A precisely. However, the modifications de- 
scribed above will not result in appreciable differences In the model 
dynamic stability characteristics. 



EXPERIMENTS 
I 

The experiments that were conducted to determine the stability character- 
istics of the model consisted of transient response measurements in 
various longitudinal degrees of freedom.    The data are presented in 
References 1 and 2, and the test conditions are given in Table I.    Measure- 
ments were also made with various levels of rate feedback.    Since the 
model was unstable,  or at best neutrally stable, in the majority of flight 
conditions investigated, no predetermined control inputs were used to 
excite the motion of the model. 
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EXPERIMENTAL RESULTS AND ANALYSIS OF DATA 

The transient response data presented In References 1 and 2 were analyzed 
to determine the period and damping of the longitudinal modes of motion of 
the model at five duct incidences: 90°, 80°, 70°, 60°, and 50°. The trim 
condition was level flight, and the fuselage attitude was set equal to 
zero In trim. Experimentally determined model trim conditions are shown 
in Figure 8. The data and the results of the analysis are discussed in 
terms of model parameters in this section. A detailed numerical example 
of the analysis procedure at a duct incidence of 70° is presented in 
Appendix II. 

First, it is desirable to make P. few remarks regarding the analysis of 
transient response data for higher than second-order systems. If a system 
has an unstable mode present in its transient response, it is difficult to 
measure (from the time history of the motion) the characteristics of any 
mode but the unstable one, which will dominate the motion irrespective of 
the nature of the disturbance. Therefore, certain practiced limitations 
are placed on the determination of all of the stability derivatives of an 
unstable aircraft, since the characteristics of all the modes cannot be 
accurately determined. This limitation in analyzing transient response 
data of multiple-degree-of-freedom systems can be surmounted by the use of 
limlted-degree-of-freedom tests, as may be seen from the following dis- 
cussion. 

The measured characteristics of the transient response consist of the 
frequency and damping characteristics of the dominant unstable mode. When 
a component of the transient motion is purely divergent, it has been found 
difficult to measure the value of the positive real root corresponding to 
the divergence. Therefore, transient response data which involve a di- 
vergent mode have not been analyzed quantitatively. Divergent motions 
were eliminated in the slngle-degree-of-freedom tests (0 only) through the 
use of a mechanical spring. The test conditions in which a pure divergence 
was present were two-degree-of-freedom motions (9-wf) at duct incidences 
80°, 70°, and 60°. 

Four different combinations of degrees of freedom were measured at all of 
the duct incidences except hover: one single-degree-of-freedom motion, 
6, (Uj. » 0, and w- = 0); two two-degree-of-freedom motions, G-w^., 

(Uf. = 0), and S-Uf, (wf = 0); and the complete longitudinal three-degree- 

of-freedom motion (9-Uf-wfV The development of the equations of motion 

that are assumed to apply to the data is presented in Appendix I. Note 
that the following discussion is phrased in terms of space-fixed degrees 
of freedom in accordance with the manner in which the tests were conducted. 
The space-fixed axis system is shown in Figure 9> and the transformation 
from a stability axis system to a space-fixed axis system is discussed in 
Appendix I. 



Measured transient characteristics are presented at the various duct inci- 
dences on the complex plane in Figure 10. Frequency and damping charac- 
teristics of the dominant mode are presented as a function of rate feed- 
back gain and degrees of freedom of the test. The characteristic roots of 
the single-degree-of-freedom motion are presented as calculated with the 
mechanical spring removed (see Appendix II). 

The following general approach was used to determine the stability deriva- 
tives. To simplify the discussion, known additional terms due to the 
displacement of the eg of the model from the pivot axis and due to the 
model mounting linkage mass are  not included in the discussion that 
follows (see Appendix I). 

ONE DEGREE OF FREEDOM 

First, the one-degree-of-freedom results were analyzed. At all duct inci- 
dences except ijj = 50°, a mechanical spring was added about the pitch axis 

of the model to provide a restoring moment proportional to model attitude 
such that the angular motion of the model would be oscillatory, and thus 
could be analyzed more accurately in the flight conditions where the 
angle-of-attack stability of the model was positive (M^UQ > 0). Positive 

angle-of-attack stability will result in a divergent motion of the model 
in one degree of freedom if no restoring spring is provided. The spring 
constant of the mechanical spring was selected so that the frequency of 
motion in one degree of freedom was similar to the frequency of the free 
motion of the model in the multiple-degree-of-freedom tests. At the 
highest speed (lowest duct incidence) tested, the angle-of-attack stability 
was negative (M^UQ < 0) and therefore no spring was used. 

As shown in Appendix I, the equation of motion that applies to the single- 
degree-of-freedom tests is equation (l8), with zc„ = 0. 

e - (M. + ^u0f) e +1-^ - Mwu0f j e = o       (i) 

k. is the spring constant of the mechanical spring and is determined by 
em 
calibration prior to the experiment. The two terms in equation (l), the 

coefficients of 0 and 0, are determined by the frequency (uu ) and damping 

(a) measured from the transient response data (listed in Table l). De- 
rivatives, or combinations of derivatives, are found from the relation- 
ships 
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Values of the derivatives calculated from the measured characteristics of 
the transients and the expressions of equation (2) are listed in Table IV. 

IWO DEGREES OF FREEDOM 

The stability derivatives obtained from the single-degree-of-freedora runs 
are now used in conjunction with the data from the two-degree-of-freedom 
experiments involving pitch angle and horizontal velocity to find other 
stability derivatives.    The equations which describe the motion in this 
case are equations  (l6), given in Appendix I, with m/itv^ equal to one and 
2Cg equal to zero. 

ut - V^ + (g - xwu0f) 9 = 0 

- Vf + e - (Me + "*%) e - Vof e = 0 (3) 

While three characteristic roots are necessary to delineate this dynamic 
condition, only the two Which determine the oscillatory mode character- 
istics can be evaluated, as discussed previously.    There are three 
additional derivatives present in equations (3):    Xu»^, and X^.    As may 
be seen from the discussion that follows, it is possible to calculate only 
the term Xy, in combination with My.    Analysis of isolated duct data indi- 
cates that the term X^UQ    is negligible compared to g. 

A convenient way of calculating the two unknown derivatives Xu and My is 
to place equations  (3)  in root locus form, considering My as a variable 
quantity.    The Laplace transform of equations (3)  is taken, and the charac- 
teristic equation is calculated; then, the characteristic equation is 
arranged in root locus form as 

Mu (8 " V^o  ) 
1  = - 1 (10 

(s - Xu)(s
a   -  [M^ +M^0f]  s - MwU0f) 

Now, the characteristic roots of the quadratic factor in the denominator 
of equation (k) have been determined from the single-degree-of-freedom 
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tests [equation (l)] and are shown in Figure 11  (^).    The derivative X^ 
is then specified by the condition that the root locus for variable VL 

must pass through the experimentally measured data (0), as shown in 
Figure 11. 

The stability derivative M^ is determined from the gain [My (g - X^UQ  )] 

required for the calculated roots to agree with the experimentally measured 
roots.    The derivative values that were found are listed in Table IV. 

Since the two-degree-of-freedom experiments were conducted with various 
levels of rate feedback,  a verification of the calculated value of Xy is 

possible.    It is assumed that fore and aft differential propeller blade 
angle produces only a pitching moment, and that there is no lag between 
the rate signal (0) and the control actuation (A0 ), so that the effect 

of rate feedback may be included as an increment in pitch damping, AMJS« 

The increment produced by the rate feedback is also calculated.    The 
characteristic equation derived from equations  (3) is rearranged in a form 
expressing AMA 

as variable, 
ö 

^fi (S ■ Xy) S 

[s - XU][S
2   -   (M.  + M^U    ) s - VJ    ]  + ^ (g - X^U    ) 

(5) 

The roots of the polynomial in the denominator of this expression,  i.e., 
the poles for the root locus, are the characteristic dynamics with no 
feedback.    These are known from the two-degree-of-freedom analysis with 
no feedback.    The zero for the root locus based on equation (5) is located 
on the real axis at Xy.    Therefore, the value of Xy is verified from the 

condition that this locus, drawn for AM,? varying,  corresponding to various 

feedback gains,  intersects the experimentally determined dynamics for 
various feedback gains. 

The increments in pitch damping, as a function of rate feedback gain, 
determined by this procedure, are given in Table IV.    The value of Xy 

determined by this approach agreed closely at all duct incidences with the 
value determined from the unstabilized model responses. 

Two-degree-of-freedom motions, consisting of pitching and vertical ve- 
locity, were also measured.    At all incidences except 50°, the character 
of this motion was divergent; thus, no analysis was attempted because of 
the difficulty, previously mentioned, of making quantitative measurements 
of divergent motions.    At 50° incidence, the characteristics of this two- 

fjft.w 



d«gr«t-of-fittdoM Bot ion My bt uf«d to d«t«miM Z^, M •••n fro» 
•quatlon (17) in Appondix I, vlth xc   tnd ie- tqutl to ttro, M folloirat 

*f-Vf-Vof
f-0 

- »^wf - H|rwf ♦ 0 - (»^ ♦ »^u0 ) i - i^u0 e • o (6) 

Ccnparlfon of «quationa (6) with ttw •lnfl«-d*grM-of-frttdai CM« 
[equation (1)] showt that thtrt it oat additional ttability dtrivativ« 
prtttnt in tquationt (ft); that dtrivativ« it Z^. Tht dowwath lat dtriva- 
tiv« (M^) no* apptart ttparattly froa tht pitch dtaping dtrivativ« (M«); 
it it thtrtfort pottiblt to obtain an indication of tht tlit of thlt dt- 
rivativ« fro« a root locut drawn with Z^ at a variablt par«wttr. Tht 
root locut equation devtloptd fro« «quationa (6) ttktt tht follovinf font: 

- fc, (t - *) t 
 ^ J  - . 1 (7) 
t(* - [Mj ♦ HftUo^t - HJJ^) 

The locationa of the two poltt. dtttmintd fro« tht quadratic factor in 
the denominator of equation (7)» are the tingle-degree-of-freedoB roott, 
equation (1), and therefore are known.   The pitch dtaping it dtttnüntd 
fron the condition that the locut of roott with variablt Z^ inttrttott 
the experimental pointt.   The value of Z^ it calculattd froa tht gain 
required for coincidence of the calculated and aeaturtd roott.   At tht ont 
duct Incidence, 50^ where thit analytia waa aadt» Indicatlont were that 
MJJ.UQ   waa negligible conpared to Mi. 

THREE DEGREES OF FREEDOM 

The three-degree-of-freedoQ motiont were analysed, and tht derivativ«« Zu 

and Z^ were calculated.    In mott catet, in the low-ipeed flight reglat, 
these derivatives are quite small, producing only small changes between 
the two-degree-of-freedom (e-Uf) motion and the three-degree-of-freedoa 
(e-Uf-wf) motion (Figure 10). 

If X   and M. are assumed to be negligible, then the three-degree-of- 

freedom characteristic equation developed froa equations (15^, in 
Appendix I, may be expressed in the following form: 

10 
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wtMrt A* „ !• the characterlitic equation of the two-degree-of-freedom 
■otlon and (A     )    is the characteristic equation of the two-degree-of- 
freedoa motion with My - 0.   From equation (8) it may be noted that if M^ 
ia equal to zero, or if 2^ and Zy are zero, then there is no difference 
between characteristic dynamics of the two-degree-of-freedom motion 
involving 9 and Uf and the three-degree-of-freedom motion (s-Uf-wf) aside 
from the extra root.    It is assumed that X,, is negligible, and this is 
used for the duet incidences in whish there are measurable differences 
between the two- and three-degree-of-freedom motions.   The polynomials 
A* .. ^ ^A „)    have known coefficients from the two-degree-of-freedom 0,U o,u 0 
analysis.   Equation (8) Is rearranged in root locus form as 

- ^ Ku'. - \ ?] 
(9) 

'"e.u 

Now the value of the quantity S^g/Z,, will determine the location of the 
zeros of equation (9).    It is found that the locus of roots for Z,, varying, 
at a constant value of the ratio Z^Zy, must Intersect the experimentally 
measured values of the frequency and damping.    The value of 2y is calcu- 
lated from the gain required for coincidence of the calculated and experi- 
mental points.    Then, Zu is determined from the known Zyg/Z^.    The sta- 
bility derivatives determined in this fashion are listed in Table IV. 

This procedure was generally followed at all duct incidences, to evaluate 
the stability derivatives of the vehicle, with minor variations as noted 
below. 

id-900 

Only the single- and two-degree-of-freedom (e-uf) motions were analysed. 
Experimental results showed, as would be expected from syaMtry consider- 
ations, that the w_ motion was not coupled to the (e-uf) motion.    It is 
not possible to determine Zy in hovering because of the nature of the 
tests conducted. 

In hover, three test conditions representing different blade angle and 
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propeller rpm settings were investigated.    Two of the test conditions 
utilize different combinations of blade angle and rpm to produce the same 
total thrust (vertical force equal to the weight of the model):    6.75* 
equal to 23.8 degrees, rpm equal to 7000} and 0,78Ä  equal to 29.2 degrees, 
rpm equal to 6U00.   The third test condition uses anot.her combination of 
blade angle and rpm, resulting in a lower total thrust than previous cases: 
B.7B11  ^UB^- t0 25*8 degrees, rpm equal to 6k00.   This combination of blade 
angle and rpm produces a hover thrust of U3.I pounds, corresponding to a 
scaled gross weight of lU,000 pounds for the Bell X-22A.   Note that the 
weight of the model is 51.5 pounds in all cases, so that only two-degree- 
of-freedom (6-Uf) motions were examined in the low thrust case. 

Dimensional analysis can be used to demonstrate that for the two test 
conditions at the same propeller blade angle, If the time scale of the 
dynamics Is nondlmensionallzed by the rpm, then the nondlmenslonal frequency 
and damping should be Independent of the rpm.   This comparison of the two 
test cases Is shown In Figure 10.    The spread in the points is considered 
to be within the accuracy with which frequency and damping can be evaluated 
from the highly unstable dynamics of this hovering motion. 

If the dynamic stability of the vehicle depends only on the geometric 
configuration of the vehicle and the duct exit velocity, then there should 
be no difference between the dynamic characteristics at the same total 
thrust level produced by different combinations of blade angle and rpm. 
There are measurable differences, although not large, between these two 
test conditions.   The results indicate that it is desirable to conduct 
dynamic stability tests at the proper blade angle. 

The procedure described above for id ■ 90° was followed.   No measurable 
difference existed between the two-degree-of-freedom motion (0-Uf) and the 

three-degree-of-freedom motion (e-Uf-wf); thus, Z^ and Z^ were not 
determined.    That is, similar to the hovering ease, there is only weak 
coupling between the (e-Uf) degrees of freedom and the w. degree of freedom. 

It is expected that Zy has a value in this flight condition as it has in 
hover, but It cannot be determined from the experiments conducted. 

id ■ 70° 

The analysis at this trim condition is discussed in detail in Appendix II, 
and the transient response data are shown in Figures 17 through 28. The 
transient response of the model in two degrees of freedom (e-Uf), shown in 

Figure 18, exhibited a rate of growth of the dominant unstable oscillation 
(with no rate feedback) which was so rapid that it was difficult to measure 
the amplitude ratio from the time history, which extends, at most, for one 

12 



cycle. Thus, the experimental results for one particular rate feedback 
setting (K> ■ O.Okk  sec) in two degrees of freedom were analyzed. It was 

ö 
assumed that the increment in pitch damping produced by this feedback gain 
was equal to that produced by the same gain setting at 80° duct incidence. 
This known increment in pitch damping Is added to the value determined 
from the single-degree-of-freedom tests. Then the analysis proceeds as 
described. The dynamics of the vehicle with no feedback were then calcu- 
lated from the resulting derivatives. The resulting characteristic roots 
agreed with the information that could be determined from measured 
transients. The Increments in damping corresponding to other feedback 
settings agreed closely with those in the 80° case, as shown in Table IV. 
This confirms the assumption, inherent in this approach, that the moment 
produced per degree of differential fore and aft blade angle at id = 80° 
Is equal to that at id ■ 70° . 

ld - 60" 

It is necessary to add certain known terms to the equations of motion at 
1. ■ 60° to account for the displacement of the eg of the model, with 

respect to the pivot axis, as explained in Appendix I. Values of these 
terms, which were added to the equations of motion before proceeding with 
the analysis, are listed in Table IV. No alteration in the analysis 
procedure is required, since only known terms are added to the equations 
of motion. 

In addition, a complication associated with the model control system was 
encountered at this flight condition. When the carriage was commanded by 
the model to accelerate to follow the model motion at these relatively high 
trim speeds, the Increased current drawn by the carriage drive motor caused 
a noticeable drop in line voltage. This line-voltage drop affected a power 
supply in the model control system, producing a propeller blade angle 
change of equal value on all four or opellers approximately proportional to 
carriage (model) acceleration. Hie oonfiguration of the vehicle is such 
that total propeller blade angle change causes pitching moments (Reference 
3), thus providing an apparent pitching moment variation with horizontal 
acceleration. It was assumed therefore that this effect could be accounted 
for by adding the unknown derivative AMA  to the analysis. It is then 

possible to analyze the data, remove this effect, and determine the sta- 
bility derivatives by an analysis similar to that described above. 

Modifications to the model control system were made such that this coupling 
phenomenon was eliminated in the 30° duct incidence tests and all future 
tests. 

Id ■ 5°° 

The 50° case also required additional terms in the equations of motion to 

13 
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Include the effect of the displacement model eg from the pivot axis. Also, 
as mentioned earlier, no mechanical springs were used in the single-degree- 
of-freedom tests since the angle-of-attack stability derivative was nega- 
tive (M U  < 0). Otherwise, the analysis proceeds as described. 

Table IV lists the stability derivatives found in model scale based on 
the Inertia characteristics listed in Table III. The model scale deriva- 
tives are also shown graphically in Figure 12. 

Ik 
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STABILITY DERIVATIVES OF THE FULL-SCALE AIRCRAFT 

The stabili ty derivatives determined for the model can be int erpreted in 
terms of full-scale aircraft characteristicc , 

I t is , of course , necessary t o assume that th~re are no scale effects to 
make this interpretation . Comparison of the lift, drag, and pitching 
moments on a~ isolated duct of the model ~~d the full -scale a i rcraft re­
vealed that there were no appreciable scale effects on t ·he model duct in 
the fl i ght conditions of interest (Reference 1 ) . Therefore , importa~t 
s cale effe~ts are not expected t o be present in the results . 

Rather tr.an present nondimensional derivatives, it is considered to be 
more convenient and convent ional t o present dimensional force derivatives 
divided by the mass of the aircraft, and pitching moment derivatives 
di vided by the inertia . The f ull-scale derivativ;s are based on the 
moment of inertia of the Bel1 X-22A, as given in Reference 3. 

The dimensional full-scale derivatives are listed in Table VI and are 
shown graphicall y in Figure 13 for the full - scale a i rcraft, using the 
altLtude gros s weight equivalence discussed in Appendix III . The relati,n­
ship that applies for the te st progr!:'lll is shown in Figure 14, and the 
conversion fac ~ ors t hat result are given in Table V. Thus, for example, 
the derivatives presented corre spond t o the X-22A flyinc ~t a gross we ight 
of 16,800 pounds at sea level or a gross weight of 14,000 pounds at a 
density altitude of 6000 feet . 

The stability derivatives show t he following trend~. 

THE SPEED STABILITY (MU) 

This derivative is large and positive at the three highest duct incidences 
tested; it decre~ses considerably at duct incidences of 60° and 50°. The 
large value near hovering and in low- speed flight is the primary sourc~ of 
the oscillatory instability present i n the data; also it indicates that 
the vehicle will exhibit an appreciable sensitivity t) horizontal gusts. 

THE ANGLE-OF-ATTACK STABILITY (MwU0 ) 
f 

This de·~ivative h fairly large and positive (unstable) at all but the 
lowest du t incid:nce t e sted. At a duct incidence of 50° , the derivative 
is negative . The unstable value of t~e derivative contributes t o the 
instabilities of the motion at the higher duct incidences, and the change 
in sign is t ·he primary contributor causing t he stable motion at a duct 
incidence of 50°. The trend in this derivative is typical of V/STOL 
aircraft at low speeds . 
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THE PITCH DAMPIWO (M^) 

t Thlt derivative is comparatively small and negative and generally increases 
I     with decreasing duct incidence. It is not clear at this time why the trend 

in this derivative does not follow a smooth curve. The low values Indicate 
that the full-scale vehicle would require damping augmentation to provide 
satisfactory handling qualities at low speeds. The small value of this 
derivative may be seen by noting the Isrge Increments in damping (roughly 
a factor of 10 at duct Incidences of 80° and 70°) required to make the 
transient motion neutrally stable. 

THE DOWNWASH LAO (Mfr) 

All indications from the data are that this derivative Is small compared 
to the pitch damping, 

I      THE RATE OF CHANGE OF HORIZONTAL FORCE WITH HORIZONTAL VELOCITY (Xu) 

{     Ulis derivative is large and negative at low speeds. The primary source 
of this der vative is the momentum drag of the ducts. 

THE LIFT CURVE SLOPE (Zy) 

This derivative is small and Increases with speed. The value of the 
derivative was not determined in hovering. The values at low speeds must 
be considered as approximate, since there is only weak coupling between 
the two'degree-of-freedom (6-Uf) motion and the three-degree-of-freedom 
(O-U.-w.) motion. This makes it difficult to determine Z^ accurately. 

THE RATE OF CHANGE OF VERTICAL FORCE WITH HORIZONTAL VELOCITY (Zu) 

This derivative is small and of normal sign (negative) in the cases where 
it was evaluated. 

THE RATE OF CHANGE 01  HORIZONTAL FORCE WITH VERTICAL VELOCITY (X,,) 

This derivative is normally small and was not determined from the experi- 
ments. It was assumed to be negligible in the analysis. 
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CONCLUSIONS AND RECOMMENDATION 

CONCLUSIONS 

1. The pitching moment derivatives of this quad configurat on v/STOL 
model exhibit the following characteristics: 

a. The speed stability (My) is large and positive (statically stable) 

at high duct incidences. 

b. The angle-of-attack stability (M^UQ ) is positive (unstable) at 

all but the lowest duct incidence tested (50°). 

c. The damping in pitch (M-) is stable but small in hover and 
6 

increases with decreasing duct incidence. 

2. For analysis of the data, the inclusion of test conditions with pitch 
rate feedback was valuable, particularly in the experiments where the 
basic model was highly unstable. 

RECOMMENDATION 

It is recommended that an effort be made to correlate the results obtained 
herein in the form of stability derivatives with full-scale flight-test 
data on similar configurations. 

1   i 
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TAHLE  II.     SCALK KACTOKS KOh I'VIiAMl J mimi sixiumiTY 

Multiply full-scale property bj scale factor to obt»ln »idel property. 

for \i  - 0.1'.-^ 

Linear dimension \ O.lHl 

Area \9 2.1U x lO"« 

Volume, mass,  force \* 3.OTI x 10-» 

Moment \* UMl x IC'* 

Moment of Inertia K* Ö.'.e7 x IO-» 

Linear velocity x 0** 0.38L.' 

Linear acceleration >i0 1.000 

Angular velocity ^-0.» ^3 

Angular acceleration ^i o.i;.s3 

Time X™ >. 38L' 

Frequency x,'0-* :'.03 

Reynolds number x^* • .''-l x IC-5 

Mach manber X ^ 0.^01.? 

where X^   ■ mc del linear dlaenelor. 
fuU- •scale linear dinenslsn 
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Um* IV.    MOPKL «TAHIMT»  DKKIVATIVKS fOH THUVM UCVEL KLIQHT 

Duct Incidence 
(deg) 

90 80 70 60 50 

|                   Hotel trim VtlocitU« and Acrodynuiic Derivativ«« 
fl0f, ft/«w 0 10 22 28 36 

fu» 1/»^ -.53 -.1.5 -.70 -.60 -.50 

ft*. l/««o Assuaed Negligible in all Cases 

Bu» 1/»^ «•I Neg -.19 -.655 -.830 

V» l/»«s NA NA -.1». -.675 -.895 

^j l/ft-««J ♦.307 *.U2l ♦.1.8«. +.157 +.151» 

^, 1/ft-«^ NA ♦.255 ♦.297 +.110 -.160 

«J.   I/««! -.W. -.1.8 -.955 -.5U -.861» 

1                    Additional Stability Derivatives Due to eg Offset 

fv 0 0 0 -.030h -.03^ 

k . xM 0 0 0 +.125 +0.13 

K' ^ 0 G 0 -.98 -1.09 

Additional Stability Derivatives Due to Stability Augmentation 
SjJ, 1/sec 
ci " •CÄ7 NT NT NT -2.59 NT 

[4 - .030 NT -I».37 -U.35 NT NT 

Kj - .(A«« NT -8.15 -8.15 NT NT 

[j - .060 NT -11.9 -11.02 NT NT 

Kfe   , i/ft 0 0 0 +.075 0 

Abbreviations:    NA     Not Available 
Neg   Negligible 
NT     Not Tested 

Tsst Conditions given In Table I 
Inertia Characteristics given In.Table III 

2k 



TABLE V.     INTERPRETATION OF FORCES,  MOMENTS, AND VELOCITIES AT 
OTHER GROSS WEIGHTS 

Altitude 
Gross Weight 

'/elocity 
Gross Weight 

Forces 

Moments 

Velocities, angular 
and linear 

Air density- 

Angles 1 

V 
i 

where 
desired gross weight 

gross weight determined by dynamic scaling 

To determine aerodynamic quantities at other gross weights, multiply 
dynamic scaling results by the above quantities. 

NOTE: Use of the first column results in no change in dynamic stability 
characteristics. Use of the second column results in changes in 
dynamics. 

25 



SWS 

1      TABLE VI.     FULL-SCALE STABILITY DERIVATIVES FOR TRIMMED LEVEL FLIGHT       | 

Duct Incidence 
(deg)                                                       j 

90 80 70 1        60 50         | 

U0f, ft/sec 0 26.2 57.5 73.h 9^.2       j 

Xu, 1/sec -.20 -.17 -.27 -.23 -.19      | 

V ^-Z860 Assumed Negligible 

Zu» l/sec Neg Neg -.073 -.25 -.32      j 

Z^, l/sec NA NA -.05^ -.26 -.31+ 

U^, l/ft-sec +.017 +.026 +.028 +.011 +.011 

M^, l/ft-sec NA + .015 +.017 +.0077 -.0112 

M., l/sec -.17 -.20 -.1+0 -.26 -.1+2 

Abbreviations:    NA     Not Available                                                                           1 
Neg   Negligible 

See Figure Ik for density al-.itude/gross weight correspondence. 
Radius of gyration ky = 8.5 ft. 
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Figur e l. _rlnceton Dynamic Model Track - Model Mounted 
on Longitudi~al nynamic Testing Apparatus . 
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ALL OMENMNS ON HOME 
DRAWING IN MCHeS 
(MOOa SCALE) 

3 * f m,.*.*m.*.*nj*u 
....",Ml jIIW.Via ■ ■ fl ■ ■V fl ■ 
^^Hl ■ ^^^H ^K.: /< ' - ^H I 
■■•;. :> ■■ BL   '      ^H 
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■■ < u ^H ^V            1 flH 1 
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Figur« 6.    Geooetrlc Charact«rlttlci of Scaltd Model Duett. 
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APPENiJlX I 

Linearized equations of motion, npplloablo to the analysis of various ex- 
perimentally measured responses, are presented .n this appendix. 

The longitudinal equations of motion thnt describe the small perturbation 
motion of an airvriift, frnrr. initiaiiy level flight, using a stability axis 
system (r.of-rcuji t), axe. 

u - j^u - x^w > g e = o 

w - z^w - ZyU - a0 e = o 

M^w + M^w + MJJU + M^G - 9 = 0 do) 

Tvo  derivatives X» and Z« that are usuedly small are neglected. 
9    0 

Since all of the transient responses were measured and arp presented in 
terms of space-fixed variables, it is convenient tc transform equations 
(10) to a srace-fixed system (Figure 15), with the Xf axis parallel to the 
horizon, by -he following transformations: 

u = uf - W0 6 

w = wf + u0 e (11) 

where W0 is equal to zero from the condition of initially level flight. 

Substituting the relationships of equation (11) into equations (10), the 
following equations result: 

uf - xuuf - Vr + (B - Vof) e = o 

*f - Vf - Vf " ZH\ e - o 

e - (*i *\u0) 6 - \v0  e - \ur - H^t - \*t - o (12) 

w 
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. certain of the test conditions, as indicated in Table Hi, tag 
ce ;f the model was not located at the pivot axis of the model. 
Equations (12) may be considered to be written about the pitch 
plvvu' axis of the model, which represents the full-scale eg 
pcsrloon about which the derivatives are determined. Additional 
terms s.-'-a necessary in the equationp ^f motion to account for the 
displace~.~nt G;/ iiie model's eg. These are: 

iM*c( 

^"P 

' "*, eg 
% 

^ eg 

W z 
P eg 

(13) 

where m- and U- are re«1 actively the plvotlnf aass and pivoting 
welgr.t cf the aodel. 

Hw>tut,e n certain features of the model and the apparatui, three modifl- 
i»i*Llon9 to these equatioun ar» neceflaary euch that they will apply tc all 
tear, i;ondUioni. 

i.    Thorc are two imkageo required to attewn tne mud«l U Li.w jcrv 
transducers and mounting system used for this type of testing. 
These supports provide the horizontal and vertical translatlonal 
degrees of freedom and contribute additional masses (m^ and nty) 
that "fly" along with the model and, thurofore, must be acceler- 
ated by the model.    The two linkages are relatively light in 
ve^ht e^mp^ed to the "flying" weight if the model but never- 
i-hniorg ovnuli be p-^ountcd for oy additional mass tetms in the 
equations of motion.    Generally, the arrangement and weights of 
these two supports are such that the mass accelerated by the 
model iii the horizontal direction is larger than that accelerated 
in the vertical direction.    If nip is the total mass of the model 
resting on the pivot axis (Figure 16), then the total lifted mass 
of the model m when "flying" is equal to m- plus the mass of the 
vertical link niy or m = nip + niy.    Similarly, the total accelerated 
mass in the horizontal direction m.   is equal to nip + niy + m^ or 
m + mh.     This d„aamic irndpl mount characteristic requires the 
modification of all terms in the horizontal force equpf. ~n,  except 
thp acceleration term, by a mass ratio defined as m/nu and equal 

,     to 0.936 in value. 
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3. In ctrtaln of the t«itt («Ingle degree of freedom only), a 
mechanloal gprlng wee added about the model pitch axil to provide 
a restoring moment which produce« an oicillatory motion of the 
model. In theie experiments the following term should be added: 

\ m (IM 
m 

In the experiments Where a spring was employed, the value of the 
spring constant, k- , is as given in Table III. 

0ra 

Adding the necessary terms to account for these three effects, the com- 
plete equations of motion that apply to the measured transients obtained 
in this facility are: 

»f ■ a; Vf - a- Vf 
+ ^ (« " Vof) e - o 

wf - Vf - Vf - Wo*, e B 0 

*e - (M, v        /^m WP zcg\        "p zcg . [e + M*uof) e +^ - ^\ + ^if) e + "V^ uf " Vf 

(M* + ^i7s)^f-M^wf= 0 (15) 

This set of equations would apply for the three-degree-of-freedom tests if 
the k., terms were removed. 

6-, m 

For the restricted degree of freedom tests, the following reduced sets of 
equations apply. 

1.    In two degrees of freedom, with k0   =0: em 

0, uf (wf - 0) 

4f-^Vf + ^8-Vof)e-o 
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W T^^^WPP'? W^W'^■•flPlrW 
*«*wir"i^w«*v<   .fWnmAMMnv <tMillb9MIHPT''i| 1 

•e - (^ * M&ü0f) * - Vo, e * Ü^Si e * 2eJ2i fif . ^ - o 

e» vrf (ut. - 0) 

*f " Vf - Wot e ■ o 

* - ^ + ^u0f) e - hvj0f e 

+ ^e {^^)^-vf 

(16) 

(17) 

2.    In the alngle-degree-of-freedom experittsnts, with the meohanleal 
spring and uf ■ 0, w. ■ 0, the equation that applies in 

e - (M^ + M^0f) e +(^ - vj0f + ÜLÜSfi) e - (18) 

3.    In the experiments where feedback Is used, a term MAa AS  

should be added to the right-hand side of the pitching nonent 
equation, and then the equation governing Aß is 

APMTCH   " ^ * (19) 

By substitution of these expressions Into the pitching monent 
equation, an effective pitch damping Is obtained 

VVaV. TCH 
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SPACE-FIXED AXIS 

STABILITY AXIS 

............... ~ Perturbed ~ienlation 
~~ V OfCIJUS 

X 

Initial orientations 
of axis 

Horizon 

(bodJ fixed; iniliallr aliened with fri streaM 
velocitJ at forword speeds or witlt twizon in hov•) 

Figure 15 . Definitions of Space- Fixed and Stability Axi s Systems 
~Variables Are Shown in Their Po~itive Sense). 
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APPEN I II 
RrCAL EXAMPLE 

In order t o illus ra e in etail 
calculations at a duct ·ncidence 
Da a at this uct incidence fr 
17 hr h 28. 

First he single-de 
the (!que.ti n of 

... - ( + 

th meth used 
of 70° e pr s 
Refere ce 2 
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te h r 

yz d . From A 

e ica.l spri is e ned b c ibr on o b 

1 .1 

0 

ic 
d fr 

.. 

iJ er 1 

+ 

- O. Oo!9 c .6 

0 . 05 

~ 7.15 

54 

= 0 

c ion . em ur 

r ae· n 

7.15. 0 

s "'end squared 

the 

(21 

r 

e 

(22) 

(23 ) 



wm^mmmmt^m^ 

■ -t-^y^- »»j:^,,?5lÄflS('iyä'':r'',».:*t .^.„mr- mmmmmmmwvmmmtmmfvmm*'*''*** ■■■ ■■■■■*■'■< rt^-^mn-if«.! ■««•«« ■ -m^t^^.i" 

and is therefore equal to 2.80 slug-feet squared, and the mechanical 
damping, Cm/ly,  is equal to 0.058 per second. Balance weights present in 
the model-motor-off tests produced a moment of inertia increment of O.65 
slug-feet squared. The moment of inertia of the model for the tests at 
forward speed, with propellers running, is therefore 2.15 slug-feet squared. 

At the trim speed for duct incidence equal to 70° (22 feet per seconl) and 
rpm equal to 6780, the single-degree-of-freedom roots measured from figure 
I? are 

s = - 0.57 ± 1.57i per second 

The characteristic equation is 

s3 + 1.14s + 2.785 = 0 (24) 

Thus, by comparison with equation (18), 

D 
zca  ^m r. 
T— + T ^^o = 2.785 per second squared 
y   y    f 

Cm 
- (T

3
 
+ Mi + VbJJn  ) = l.lk per second Iy  19   ■" of 

Substituting for Wp, zCg, k , Iy, and Ca, 

M^UQ =6.62 per second squared 

(M* + M^U0 ) = 1.07 per second 

In all trim conditions, as in this example case, the mechanical damping 
was small in comparison to the aerodynamic damping. 

Itae pendulous and mechanical spring terms are now removed from the equation 
of motion in order to proceed to the two-degree-of-freedom case. The re- 
sulting single-degree-of-freedom equation is 

s8 + l.lks  - 6.62 = 0 (25) 

The moment of inertia in the two- and three-degree-of-freedom cases was 
slightly different from the single-degree-of-freedom case due to balance 
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weights and is equal t o 2 . 23 slug- feet square • ~ith this modifi ation 
the above equat ion becomes 

~ + l. 09s - 6 . 39 = 0 ( 26 ) 

ow, in the two- degree-of- freedom case the motion of the mudel was highly 
unstable, as shown in Figure 18 , making it difficult to measure the period 
and damping when there was no feedback . The two-degree - of-freedom case 
with a feedback gai Ke equal to o.o4 se and shown in Figure 22 w s 

analyzed, assuming that the damping inc ement produced by feedba k (see 
Appendix I) was equal t o that at the same feedback gain at a uct in i en e 
of 80°. The increment at a duct incidence of 80° had been determined 
previously. From Appendix I , this damping increment 6Me is equal to 

KeM Q and therefore is eqni valent to assuming that the ontrol 
6 Pp I TC f.i 

effectiveness is t he same at 80° as at 70° . 

6Me was determined t o be equal t o - 8 . 15 per second at 80° duct incidence . 

Ynis value of damping is added d·r~ctly t o equat ion (26) t o yield 

i< + 9 . 24s - 6 . 39 = 0 

The roots of this equation are 

s 1 = - 9 . 89 per second 

sz = + 0 .65 per second 

(27) 

Now lfe proceed t o analyze the two-degree- of- freedom motion . Note that at 
this duct incidence the model cg was coincident with the pi vot axis . 

The equations of motion are, from Appendix I , (with xcg and zcg equal t o 
zero ) , 

- M u + 9 - (M· + M· U ) e - ~ u e = 0 
·~ f e ·v of v of (28) 

The notation Me impli es that the damping includes the effect of feedback . 

m/mt is the factor due t o the model mounting linkage and is equal to 0 . 936 . 

Taking the Laplace transform of the above equations, and placing the 
characteristic equation in root locus f orm, considering ~ as the unknown 
parameter, we obtain 



(s - 0 . 
- 1 

s - MwUo ) -
f 

(29) 

e quadra ic factor in he denomin or ·s that deteimined frQlll the 
single-degree- of - freedom tests [equation (16)] and has roots equal t o 
- 9.89 per second and 0.65 per second . 

Pl cing hes~ known quantities in the ~bove equation , we obtai n 

exper 
Fi 

( s 
= - 1 (30) 

asured oscill tory s for th·· ~ two-degree -of- freedom case are 

( 

seco d 

= 0. 05 l . i per second 

• 0 . '5 r seeond 

• 9.89 r seeon 

0. 9 6 Xu ( 0 ) . The l ocation on 
o ition fr equat ion (30 ) : for 
ribu ion fr t he poles ( 8 , 0 ) 

o l8o0 • Fr m Figure 29 , the angle 
le are 

angle contri bution 
o 1 0°. is l ocated at - 0. 6 

e cula ion yields a value of 
roo locus for varying Mu is 

t he exper~ental two-degree ­
will deter mine the product 

( . 17){1 . 23)(10) 
0 ) = • 15. 40 per second cubed 

f 0.936 
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The Isolated du- t data of Reference 1 indicate that XylL   at this flight 
f 

condition is negligible coapared to g and, therefore, 

H^ ■ O.U78 per foot-second 

With this infomation we can calculate the real root that corresponds to 
tbt two-degree-of-freedo« notion from the characteristic equation.    Taking 
tbt calculated values of My and Xy and placing them into equations (28), 
the characteristic equation is calculated 

s*  + 9.92 «*  - 0.52s + 11.73 " 0 (31) 

The roots of equation (31) are 

s,  ■ - 10.02 per second 
8i.j " + 0,05 * I'O^i per second 

Hov we return to the equations of motion (28) and rearrange the character- 
istic equation in root locus form, considering ^ as a variable parameter 
to determine the agreement among the derivatives found at a K• = O.kk 
second and the other two-degree-of-freedom cases with different levels of 
rate feedback.    In addition, the data can be extrapolated to calculate the 
dynamics of the vehicle with no feedback.    The measured dynamics at other 
feedback gains ftrom Figures 21 and 23 are 

Ki ■ 0.030 second s ■ + 0.31 ± 1.25i per second ( 0 ) 

Ki ■ 0.060 second s » - 0.01 ± 0.93i per second (t) ) 

lbs equation for the root locus diagram for variable M« Is 
6 

(- A»^) s(8 - 0.936 Xj 

(s - 0.936 Xj (^   - (^ + M^U0  ) s - M^Uo  )) + ^ (g - ^Uo ) 
= - 1 

(32) 

All of the stability derivatives in this expression have been determined 
except AM* and may be substituted giving 

(- Affc) «(s + 0.60) 

(s + 10.0ß)(s - 0.05 + l.cAiKs - 0.05 - l.OUi) = " 1 (33) 
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The root locus for variable aMa may now be sketched as shown in Fi ur 29. 
Note that this locus provides a verification of the pr viously calculat d 
value of Xu , since it must pass through the other e e imenta po n s ror 
different feedback gains . The 0° locus (---) shows the tend for 
creasing feedb ck gain, and the 180° locus (---) shows the trend or in­
creasing feedback gain . The root locus passes~hr~ugh the other two 
experimentall y measured characteristic roots (~ ~ ) and v rifies h 
value of Xu . Now, the increment · n dam ing provided at the exp rimental 
points , as well as the root location wi h no fe db ck may be cal ul ed . 

The damping increments as calculated from the locus e 

From K· = o.o44 second o K• = 0 . 030 second e e 
liMe = + 4 .1 per second 

From K· = o.o4 ~econd t o K• ;; o. 0 cond e e 
liMe = - 2. 3 per secon 

row the location of the unaugmented rc1ots 
by finding the root location where 6. "\3 = 

o the veh cle may be c cul:ted 
8 .15 per econ · • This c cu-

lation yields f or the characteristic roo of he una r..ted motion ( 0 ) 

s = 1 . 00 ± 1 . 45i pe se ond 

The transient m~tion corresponding t o this calculat 
closely with the time history of the measur d m el 
Figure 18. The e -wf motion is shown in Figure 24 . o 
analyzed due to the highly unstable char ter of the mo io • 

Now we proceed to ~onsider th· three- degree-of-freed m mo 
data with feedback shown in Figure 28 . Da a t other lev 
are shown in Figures 26 and 2:7 . It i assumed as indic 
isolated duct data of Reference 1, tha Xw is negligible . 
the complete characterist~c equations ( obt ne fr eq 
where :lew = 0, z = 0, x = 0 , a.nd k_ = 0 re cg cg ·-a 

u -f 
mx +.!. e m 1luf g ' mt 

0 

- Zu w -Zwwf-ZU 9 0 
u f f w of 

0 
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The gain calculaticn yields 

Zw = - 0.137 per second 

Then, moving Mw he value of Zu is calculated from equation ( ~ 0) as 

Zu = - 0.19 per second 

c letes he ana..o..ysis of the 70° case and this numerical example . 

ysis of he other 
ext . 

ses f ollows a similar procedure as described 
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Figure I?. Self-Excited Transient Response. One Degree of Freedom, 9. 
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Figure 2h.    Self-Excited Transient Responses. Two Degrees of Freedom, 
0-wf. No Stability Augmentation. id = 70°, 3>7B|| = 26.2°, 

rpm = 678O. 
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APPENDIX III 
CONVERSION TO FULL SCALE 

The results of the model experiments may be converted to corrf-.sp>- 
variety of full-scale vehicles of similar geometry to the model. 
convenient to consider the scaling of the data in two steps. 

to a 
: is 

First, the size of the model is accounted for by using the dynamic model 
scale factors given in Table II.    The full-scale aircraft of Interest  here 
has a linear scale  factor  of 0.145;  however,  other  scale factors may be 
selected to correspond to other geometrically similar aircraft of desired 
size.    This scaling will  imply a certain gross weight for the  full-scale 
vehicle. 

Second,  the results may be  interpreted at other gross weights by varying 
certain of the parameters  involved, maintaining the lift coefficient  (or 
equivalently,  the propeller thrust coefficient based on forward speedl 
constant.     As the gross weight is varied,  either the forward speed or the 
ambient air density can be varied to preserve the equilibrium lift 
coefficient. 

"Riese two interpretations, and the appropriate factors to use for gross 
weight variation, are given in Table V.    We consider here only the effects 
cf changes in grcss weight; the size considerations have been taken into 
account. 

VELOCITY - r.ROSS '■■reiGHT CORRESPONDENCE 

Maintaining the equilibrium lift coefficient of the vehicle at two differ- 
ent grcss weights, at the same altitude, yields the following relationship 
between flight velocity and gnss weight: 

1 
V 

Defining a weight ratio scale factor as 

the velocity la scaled as 

.i 

>'K 

n 



■..^■■..-»^•»(■fl^-JV^ . 

The advance ratio must also be maintained constant, and so this scaling 
results in a different rpm;  i.e., 

In the case of the experiments conducted, Cl0 will not correspond to the 
full-scale rotational speed of the ducted propeller,  since the model rpm 
was selected on the basis of a proper value of Q. .    Scale factors for 
conversion of the data in this  fashion are given in Table V. 

It is possible to make an assumption that will make a wider interpretation 
of the data possible.    This assumption is similar to the use of the pro- 
peller thrust coefficient to characterize data on tilt-wing aerodynamics. 
That is,  if we assume that the aerodynamic stability characteristics of 
the vehicle depend primarily on the ratio of forward speed to duct exit 
velocity and not on the particular combination of blade angle and advance 
ratio used to produce this velocity,   it may be assumed that blade angle 
and rpm are interchangeable and the scaled data may be applied to other 
rotational speeds. 

The validity of this assumption has not been checked.    Hovering flight 
data indicate that there are differences in the dynamics depending upon 
the combination of blade angle and rpm used to produce a given thrust, so 
this approximation should be applied with care if used at all. 

AIR DENSITY  -  GROSS WEIGHT CORRESPONDENCE 

Alternately,  the lift coefficient may be maintained constant by varying 
ambient air density in proportion to gross weight: 

Then the data may be interpreted on this basis, where the aerodynamic 
forces will vary by the scale factor /^ and the reduced gross weight will 
be equivalent to flight at a different altitude given by 

et = v 
In this case, note that 

V0 = vc 

The scale factors for conversion by this method are also given in Table V. 
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In this case,  it may be observed that there will be no change in the dy- 
namic stability characteristics of the aircraft.    This result indicates 
that in many cases  it is desirable,  for comparison with flight test, to 
test a model that is overweight on the basis of the dynamic scaling law, 
since the flight test experiments will always be conducted at altitudes 
above sea level.    This correspondence for the experiments conducted here 
is shown in Figure lU. 
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